Several recent papers document significant relative mis-pricings between caps and swaptions using traditional multi-factor models of the term structure. Below we argue that these mis-pricings are due to the severe restrictions that traditional models place on the joint evolution of the i) term structure, ii) volatility structure, and iii) correlation structure. We first provide additional empirical evidence for the existence of each of these types of risk. We then introduce a 'generalized-affine' class of models with regime shifts in correlation to model these empirical findings. We show that this class of models remains very tractable, permitting closed-form solutions for caps, and an efficient and accurate method for pricing swaptions. Contrary to intuition, we demonstrate that a cap, which is effectively a portfolio-of-options, is much more sensitive to changes in correlation than a swaption, which is effectively an optionon-a-portfolio.
Introduction
The swap and LIBOR-based derivative market is among the largest of all fixed income markets. 1 As a consequence, the pricing of caps and swaptions has received considerable attention from both practitioners and academics. 2 A cap (or a floor) is effectively a portfolio-of-options on 'zeros' (i.e., discount bonds), while a swaption is effectively an option-on-a-portfolio of zeros, or, equivalently, an option on a coupon bond. 3 As is well-known (see, e.g., Merton (1973) ), the relative pricing between an option-on-a-portfolio and a portfolio-of-options depends crucially on the correlation structure between the underlying securities in the portfolio. Thus, in order for a model of the term structure to capture the relative pricing between swaptions and caps, the correlation structure must be modeled accurately.
A number of recent papers Ritchken (FGR 2001) investigate the relative pricing of caps and swaptions by first calibrating a 'traditional' multiple-factor model of the term structure using one type of derivative security (e.g., swaptions), and then pricing another derivative (e.g., caps) 'out of sample'. All of these papers document significant and systematic relative 'mispricing' across the two markets, and hence conclude that either the models tested are mis-specified, or that arbitrage opportunities exist.
Below we argue that the observed mis-pricings are due to the severe restrictions that these traditional models place on the joint evolution of the i) term structure, ii) volatility structure, and iii) correlation structure. Indeed, all of these models assume that either the correlation structure remains constant, or that the state variables that drive innovations in correlation are the same state variables that also drive innovations in volatility and interest rates. Not only do such restrictions generate counter-factual predictions about the ability to hedge fixed-income derivatives with a position in bonds, but these restrictions also impede attempts to calibrate the models to market data. Indeed, as noted by Andersen and Andreasen (AA (2001)), correlation-and volatility-structures of forward rates are intricately linked by no-arbitrage restrictions in traditional models. As such, AA demonstrate that any de-correlation effect due to an increase in the number of factors also impacts par-yield volatilities. 4 In this paper we relax these restrictions. In particular, we propose a class of models that 1 According to the BIS, the notional value in the swap market is approximately 40 trillion dollars, and the combined cap and swaption market totals 9 trillion dollars. 2 See, for example, Brace and Musiela (1995) , Brace, Gatarek and Musiela (1997) , Andersen and Andreasen (1999, 2001 ), Duffie, Pan and Singleton (2000) , Andersen (1999) , Singleton and Umantsev (2001) , De Jong et al. (2000) , , Hull and White (2000) , Clewlow et al. (1996) , Munk (1999) , Wei (1997) . 3 See, for example, Musiela and Rutkowski (1997) . 4 AA (2001) demonstrate that this de-correlation effect leads to subtle calibration issues when pricing Bermudan Swaptions.
introduces state variables that separately drive changes in interest rates, volatility, and correlation. Further, these state variables are introduced in such a way that neither volatility-risk nor correlation-risk can be hedged by a position in bonds. As such, fixed income derivatives become non-redundant securities. 5 We call this class of models 'generalized-affine' because it extends the finite-state-variable frameworks of Duffie and Kan (1996) and Duffie, Pan and Singleton (DPS 2000) . In particular, this framework incorporates both finite-factor/infinite-state variable (i.e., HJM) models as well as infinite factor/infinite state variable (i.e., 'string' or 'random field') models, and can accommodate stochastic regime shifts in correlation. We demonstrate that, even for infinite factor, time-inhomogeneous models, this generalized affine class remains very tractable. Indeed, as in the standard affine framework, it still possesses closed-form solutions for zero-coupon bond option prices (i.e., caps), as well as efficient methods for pricing coupon-bond options (i.e., swaptions). Interestingly, while much work has gone into identifying the class of HJM models whose dynamics can be expressed as a low-dimensional joint-Markov system, (Cheyette (1995) , Ritchken and Sankarasubramaniam (1995) , Jeffrey (1995) ) this 'generalized affine' class, which cannot be expressed in this fashion, still provides tractable solutions for derivative pricing. In this sense, the insistence upon finite-state variable representations for tractability-purposes may be unwarranted.
By disentangling volatility-effects from correlation-effects, we are able to provide some insights into the risks inherent in caps and swaptions. For example, and contrary to intuition, 6 we demonstrate that a cap, which is effectively a portfolio-of-options, is much more sensitive to changes in correlation than is a swaption, which is effectively an option-on-a-portfolio. This result can be understood by noting that caps and swaptions are most readily priced by transforming from the risk-neutral measure to a series of forward measures. What becomes relevant, then, is the volatility of the underlying asset relative to the numeraire-asset. For a cap, that underlying asset is a discount bond. We demonstrate below that this 'numeraire-effect' forces caps to be strongly negatively related to correlation. In contrast, for a swaption, the underlying asset is a portfolio of bonds. Hence, for swaptions there are two partially-offsetting effects associated with changes in correlation. First, the direct effect follows from standard intuition, namely, that a change in correlation generates a corresponding change in the volatility of the portfolio of bonds. How- 5 Collin-Dufresne and Goldstein (2000) investigate a class of models where cap-prices are driven by 'unspanned stochastic volatility'-risk which cannot be hedged by trading in bonds alone, and Kimmel (2000) develops HJM models with 'latent' state variables. Neither investigate stochastic correlation. 6 For example, Driessen, Klaassen and Melenberg (2000) in section 6.2 argue that "cap prices depend only on forward rate volatilities" and not on correlation among forward rates. Rebonato (1999) argues that "while a onefactor model might suffice for pricing caps, it is highly unlikely to be useful for pricing swaptions, because in onefactor models forward rates are instantaneously perfectly correlated, while swaption contracts depend heavily on the correlation among forward rates." ever, the 'numeraire effect' partly offsets this direct effect, making swaptions relatively insensitive to changes in correlation. This insight might explain why Fan, Gupta and Ritchken (2001) find that swaptions can be priced reasonably well without worrying about calibration of the historical correlation structure.
The rest of the paper is as follows. In Section 2 we investigate relevant empirical features of swap rates, caps, and swaptions. We then demonstrate that traditional models of the term structure cannot capture some of these observed features. In Section 3, we investigate comparative statics of a simple model to demonstrate that, contrary to intuition, caps are very sensitive to changes in correlation, whereas swaptions are not. In Section 4 we introduce a 'generalized-affine' class of model which can capture the empirically observed properties. We then show that this class of models provides closed-form cap prices, and a fast and accurate technique for pricing swaptions.
We conclude in Section 5.
Empirical Support for Stochastic Correlation
In this section we investigate why previous attempts to capture the relative pricing of caps and swaptions have failed. We identify an empirical feature that previously proposed models cannot accommodate, namely, that historical data exhibits much larger variability in cap-impliedvolatilities than in swaption-implied-volatilities. Later, we show that this is due to large variability in the correlation structure over time. Hence, both Gaussian-affine models (e.g., DKM (2001)) and log-normal models (e.g., LSS (2001)) are likely to fail, as they predict virtually 7 zero variability in the correlation structure. Similarly, we show that 'square-root models' cannot produce the amount of correlation-variability needed in order to explain the relative pricing of caps and swaptions.
On a separate note, we demonstrate that not only is this implied correlation-risk substantial in the data, but that in addition it is mostly independent of those sources of risk that drive volatility and interest rates. In contrast, the previously proposed models predict that this correlation risk can be hedged by a position in bonds alone.
Empirically observed implied volatility levels of caps and swaptions
Our data set consists of Black-implied volatilities for both USD caps and swaptions from June, 1997 to April, 2001. The cap-implied volatilities are written on the three-month LIBOR rate.
Seven different maturity contracts are used, with maturities of 1, 2, 3, 4, 5, 7, and 10 years. We 7 Note that these models preclude any change in correlation over time. The reason we say 'virtually zero' is that below we use Black-implied volatilities to measure the correlation structure. The transformation from either the Gaussianaffine models or the log-normal string model of LSS will produce a small amount of variability in these Black-implied volatilities. also use seven swaption contracts, with the following (maturity, tenor)-pairings:
(.25,9), (.5,9), (1, 9) , (2, 8) , (3, 7) , (4, 6) , (5, 5 Below we will show that the previously proposed models cannot generate such large differences in variability between cap-implied-vols and swaption-implied-vols. However, in order to 8 For each maturity, there are 9 or 10 different different tenors. These tenors range from 1 to 9 years for maturities 0.25 to 3, and 1 to 10 years for maturities 4 and 5. Together, these sum to 65 different swaption contracts. Since cap is defined as an arithmetic average over seven cap contracts, we choose to also define swn over seven swaption contracts so as to demonstrate that cap is in fact more variable than swn , and that this result is not due to averaging over more swaption contracts. We decided on using these particular seven swaption contracts so that i) both swaptions and caps are written on bonds with maturities ranging from 0.5 year to 10 years, and ii) these sets of contracts share as many maturity dates as available, e.g. from 0.5 to 9.5 years for the caps and from 0.25 to 5 years for the swaptions. The alternative of using all available swaptions leads to very similar results, and thus are not reported. In Figure 2 we plot the time series of both dif t and t . Two characteristics of these timeseries are immediately apparent. First, t and dif t are strongly positively related. Note that this characteristic follows directly from the fact that the variability of the cap-implied-vols is significantly larger than the variability of the swaption-implied vols in that:
Second, this relationship is not exact. Indeed, this is visually clear in Figure 3 , where we plot dif t as a function of t . Regression analysis confirms the strong (but imperfect) positive relationship.
(The t-statistics are given below the estimates of the factor-loadings.) 
The R 2 of the regression is 42.
Below, we will demonstrate that the regression coefficient (0.37) is far above the theoretical sensitivity to pure volatility-changes ( 0:1), but far below the theoretical sensitivity 9 to pure correlation changes ( 1). This suggests that both correlation-risk and volatility-risk are present in the data. 10 On a separate note, when we regress dif on i) the level of the term structure (measured by the 10 year swap rate, and ii) the slope measured by the difference between the 10 and 1 year swap rate, we obtain a rather low R 2 of 17%: This suggests that the current term structure has very limited ability to explain current levels of implied correlation. This is in stark contrast to the predictions of most traditional models of the term structure, as we demonstrate below. 9 The latter is computed for a 'reasonable' set of parameters, see below. 10 In addition, we demonstrate below that implied-swaption-volatilities are very sensitive to changes in volatility, but rather insensitive to changes in correlation. Hence, the variability in the time series of swn t also points to stochastic volatility. 
These results confirm that almost none of the variation in dif can be traced back to changes in the term structure. If changes in dif proxy for changes in correlation, this suggests that factors driving correlation changes should be different from those driving changes in the term structure.
As a final note we regress changes in swaption vols on changes in term structure factors. We obtain an adjusted R 2 of 16%. Results are reported in equation 6. They show that term structure factors explain only a very small part of the changes in implied volatilities of swaptions, in contrast 11 We also tried replacing the right-hand side with the first principal component of changes in swaption vols. The R 2 remained very limited, i.e. 2%. However, performing similar experiments with changes in an equally weighted portfolio of cap vols as independent variables yielded an adjusted R 2 of 54%.
with the predictions of traditional models of the term structure. 12 
Relation to recent empirical studies
The findings noted above suggest that, in order to capture the relative pricing of caps and swaptions, a model must be flexible enough to allow the correlation-and volatility-structures to change considerably over time. Further, the state variables that drive correlation-risk and volatility-risk are mostly independent of the state variables that drive the yield curve. 13 With these elements in mind, here we discuss recent evidence on the failure of traditional models at capturing the relative pricing of caps and swaptions. In particular, we show that these previous models place severe restrictions on the joint evolution of these three different types of risk.
Longstaff, Santa-Clara and Schwartz (2001)
LSS assume that Libor forward rate dynamics follow a log-normal process. 14 In particular, they assume that both the correlation and volatility structures are constant. 15 However, their empirical analysis uncovers several inconsistencies with these assumptions. First, they document that the correlations implied by swaption prices change considerably over time. Second, they find seriallycorrelated and persistent pricing errors, especially for long-dated swaptions. Finally, they report that swaptions are frequently mispriced, and in fact, on average systematically overvalued, relative to caps. This first finding is consistent with the results reported above, namely, that correlation is stochastic. Some of the other findings may be due to the fact that their model assumes changes in relative pricing to be driven solely by changes in the term structure. 16 In contrast, the results reported above suggest that correlation-risk and volatility-risk are distinct from sources of risk that 12 Note that most models predict a non-linear relation between changes in implied vols and term structure factors. We thus tried several higher order term as well as interaction terms, with little change in the results. Further, we report below estimates of similar, linear regressions in simulated economies, which show that the non-linearity bias is not responsible for the low explanatory power of term structure factors. 13 At least in an instantaneous sense, so that bond prices do not allow for hedging of these correlation and volatility specific factors. Over a finite time interval, all state variables affect the yield curve.
14 LSS directly model the process for discrete forward LIBOR rates following Brace, Gatarek and Musiela (1997). 15 As is evident from our Figure 1 , cap-and swaption-implied vols are clearly stochastic, inconsistent with the constant-volatility structure. Since LSS are interested in the relative pricing of caps and swaptions however, they allow for constant re-calibration of their model to current volatility level. In this respect, the joint pricing of caps and swaptions is beyond the scope of the model they investigate. 16 In particular, LSS assume that the only sources of risk present are described by changes in the principal components of the underlying yield curve. drive interest rates.
Jagannathan, Kaplin and Sun (2000)
JKS use multi-factor CIR models of the term structure to price caps and swaptions. They document poor performance of these models at capturing the relative pricing of caps and swaptions. In fact, they document systematic underpricing of swaption prices in a two-factor CIR model fitted to the term structure. Here we demonstrate that, while in theory multi-factor CIR models accommodate some degree of stochastic-correlation and stochastic-volatility, in actuality these models impose rather strong restrictions on the joint dynamics of the correlation-and volatility-structures. First, note that the state variables that drive correlation-risk are the same state variables that drive both volatility-risk and interest rate-risk. This follows from the fact that square root models belong to the affine class of Duffie and Kan (1996) . As such, bond prices are in general exponentially-linear functions of all state variables. 17 For example, Longstaff and Schwartz (1992) demonstrate that in a two-factor CIR model, the state variables can be interpreted as either yields, or, after appropriate rotation, as the short rate and its volatility.
In order to demonstrate these rather strong restrictions, we simulate multiple time series of two factor CIR models, and investigate the properties of these time series by repeating the regression analysis used above. In order to demonstrate the robustness of these results, we use parameter estimates from both Duffie and Singleton (1997) and JKS. In Table 2 we present the two sets of (very different) parameters. For both models we perform 200 simulations of 100 months of swap rates, cap and swaption implied vols, 18 and then replicate our two regressions as in equations (2) and (3). The results are shown in Tables 3, 4 , and 5, where we report average point estimates and their standard deviations (across economies). 19 For both sets of parameters, the two-factor CIR model displays very low variability in dif . In particular, the average standard deviation displayed in dif over the 200 sample paths was 0:002 for the DS parameters, and 0:005 for the JKS pa- 17 See Collin-Dufresne and Goldstein (2001) for an exception to this statement, however. 18 We simulate the two square root process using an Euler scheme and sample monthly data. Then we use the Edgeworth expansion approach of Collin-Dufresne and Goldstein (2001) to compute cap and swaption prices. Finally, we invert prices for implied vols using the standard market Black formula. 19 It is striking to observe how differently the two-factor CIR model behaves, in terms of its time-series characteristics of cap and swaption prices, depending upon which set of parameter estimates is used. Surprisingly, the parameter estimates of DS and JKS have been estimated using the same empirical methodology and US swap rate data, albeit for different time periods. It is interesting to note that the relatively large values of 1 and 2 force the DS parameters to generate near-Gaussian-like dynamics in that, if the state variables x i stay within a few standard deviations of their long-term means i , then the volatility p x i does not deviate very much. In contrast, the JKS parameters lead the dynamics of the second state variable to have extremely high volatility across paths. Since the 2 of JKS is close to zero, we observe that paths tend to either i) end up 'stuck' near zero with high persistence due to the (then) low volatility, or ii) end up 'wandering away' with high persistence due to the low mean reversion. This explains the big difference in our simulation results, especially with respect to volatility of the parameters. Note also that the point estimate in DS leads to explosive rates under the risk-neutral measure.
rameters. This differs substantially from the observed value of 0.011 reported in Table 1 . Hence, affine models appear to constrain cap and swn to have almost the same variability. Further, these models constrain changes in cap and swn to be highly correlated. Finally, for both parameter sets the explanatory power of the term structure on dif is very high (.971, .659), in contrast with our finding of nearly zero explanatory power. 
Fan, Gupta and Ritchken (2001)
FGR investigate Gaussian, square-root and log-normal type models. We emphasize that all of the models they investigate assume that both volatility-risk and correlation-risk can be perfectly hedged by bonds alone. They investigate single-and multi-factor models using caps with several strike prices. They find that for swaptions, one-and two-factor models can perform as well as higher-factor models. They conclude that the model's implied correlations do not necessarily have to fit historical correlations very well in order to accurately price swaptions. Below, we demonstrate that this finding is consistent with our analysis demonstrating that, contrary to intuition, swaptions are rather weakly related to the correlation structure. Further, FGR find that even multiple-factor models still cannot explain observed cap prices. This result is consistent with our claim that it is necessary to introduce state variables that drive correlation-and volatility-risk which are not hedgeable by a position in bonds.
The Sensitivity of Caps and Swaptions to Correlation and volatility Changes
As noted previously, a swaption is most readily interpreted as an option-on-a-portfolio of discount bonds, whereas a cap is most readily interpreted as a portfolio-of-options on discount bonds. As such, it would appear that one could gain intuition for the relative pricing of swaptions and caps by first investigating the simpler model of the relative pricing between an option-on-a-portfolio of stocks and a portfolio-of-options on stocks, as in Merton (1973) .
For example, assume N stocks follow geometric Brownian motions under the risk-neutral measure:
Here, the drift r and the volatility parameters f i g are constants, and the Brownian motions dz Q i have the correlation structure:
The parameters i;j are also modeled as constants, and the state variable c evolves via 20
20 One way to guarantee that all correlations satisfy the condition ,1 i;j ct 1, is to impose the restriction ,1 f i;j g 1, and to model the correlation state variable dynamics as dc = , c dt + p c p 1 , c d ! Q .
Note that the security price processes fS i g are individually Markov. This implies that stockoptions will be priced as in Black and Scholes (1973), independent of the state variable c that drives correlation changes. Hence, a portfolio of such options will also be independent of the current value of c. In contrast, the volatility of a portfolio of these securities is an increasing function of c. This characteristic follows intuitively from the fact that the volatility of a sum of random variables is an increasing function of correlation (holding volatility constant). This in turn implies that an option on such a portfolio will also be an increasing function of c, since option prices are in general increasing functions of volatility. Note that this model demonstrates that stocks, and options-on-stocks, do not necessarily span the equity markets. Indeed, one must also introduce options on stock-portfolios in order to create securities that are sensitive to correlationrisk.
If the relative pricing between an option-on-a-portfolio of stocks and a portfolio-of-options on stocks provides an appropriate analogy for the relative pricing of caps and swaptions, then this example suggests that it should be possible to introduce a state variable c that drives the correlation structure of interest rates in such a manner that swaption prices will be an increasing function of c, but cap prices will be mostly insensitive to changes in c. However, we demonstrate here that such an analogy does not hold. Indeed, while it is true that the difference between cap and swaption prices is a decreasing function of correlation, we demonstrate that, contrary to intuition, caplets (and hence caps) are typically much more sensitive to changes in correlation than are swaptions.
Comparative statics in a parsimonious 'string' model
As a demonstration of this claim, we model (risk-neutral) bond price dynamics as dP T s P T s = r s ds , T s dZ T Q s (10) for all maturity dates T and current dates s. Here, the T s are deterministic functions, and the Brownian field 21 has a deterministic correlation structure 22 1 ds dZ T Q s dZ U Q s cs; T; U = cs; U; T : 
21 See, for example, Kennedy (1994 Kennedy ( , 1997 , Goldstein (2000) , Santa Clara and Sornette (2001) . 22 Note that the marginal distribution of each zero-coupon bond is independent of the correlation structure under the risk-neutral measure, analogous to the equity model proposed above.
Thus, the correlation structure affects the marginal distribution of zero-coupon bond prices under the forward-neutral measure. Now, consider a discount bond with maturity U. The payoff of a European bond-option (or caplet) with exercise date T is Ct = T ; T ; U = , P U T , K 1 P U T K :
The price of the bond-option at an earlier date-t before expiration can be written:
where in going from the second line to the third line we have transformed from the risk-neutral measure to the so-called forward measures (Jamshidian (1991) , El Karoui and Rochet (1989)) by using the relation:
Here, E W denotes expectation under the W-forward measure, which takes as numeraire the bond price whose maturity is W. 23 Generalizing the insight of Jamishidian (1989) to a random field framework, and taking advantage of the fact that the volatility and correlation structures are deterministic functions, it is convenient to write the bond price under the W-forward measure as (19) Note that t; T; U is independent of the measure W. Also note that, under the W = T measure, the expected value of log P U T can be written E T t log P U T = log P U t P T t , 1 2 t; T; U ; (20) whereas under the W = U measure, the expected value of log P U T can be written E U t log P U T = log P U t P T t + 1 2 t; T; U : (21) This implies that the price of the caplet takes on the Black and Scholes form:
Ct; T; U = P U t N (22) Note that t; T; U plays the role analogous to the volatility in the Black and Scholes model. Interestingly, equation (19) demonstrates that t; T; U is a decreasing function of the correlation structure cs; T; U. As is well known, the B&S option price is increasing in volatility. Hence, the bond option (or caplet) is a decreasing function of the correlation structure. This finding is in stark contrast with the stock-option model given above, where the options on individual securities were independent of the correlation structure.
Intuitively this difference is due to a 'numeraire' effect. What 'matters' for option pricing is really the volatility of the underlying normalized by its numeraire. In an equity world, interest rates are typically assumed constant, 24 and thus the volatility of the normalized underlying is the same as that of the underlying. In contrast, when pricing a zero-coupon bond option, the underlying, a zero-coupon bond, has volatility that is similar to that of the numeraire, which is also a zerocoupon bond, except with a different maturity. Thus the 'numeraire' effect is important, and the analogy suggested above does not hold. 25;26 24 Even if they are not, the underlying equity's volatility typically dominates the numeraire volatility by an order of magnitude. 25 Note that the instantaneous volatility structure is independent of c; ; . This property suggests that, for exercise dates T , t t which are small, t; T; U should be mostly insensitive to changes in the correlation structure. That this intuition is correct can be shown by performing a Taylor series expansion in t on the three terms in t; T; U. The second term, which is a function of the correlation structure, is proportional to t 2 . The first term, which is independent of c; ; , is linear in t, and hence dominates for small maturities. 26 Note that this result can also be understood under the risk-neutral measure, where the price of the first term in the Following a similar argument, we find that swaption prices are relatively much less sensitive to changes in correlation. This result is due to two partially-offsetting effects. When pricing a swaption the underlying is a coupon bond, and therefore what 'matters' is the volatility of the coupon bond normalized by the numeraire, a zero-coupon bond. Thus a change (an increase, say) in correlation has two offsetting effects. First, it increases the volatility of the underlying coupon bond. Second, through the 'numeraire' effect noted above, it decreases the volatility of the normalized coupon bond. Below we demonstrate using numerical examples that these two effects combine to greatly reduce a swaption's sensitivity to changes in correlation.
In summary then, while the relative price of (caps -swaptions) is a decreasing function of correlation, this result holds in an unusual way: contrary to intuition, caps have a strong negative relationship with correlation, whereas swaptions have a relatively weak correlation. Together, the relative price of (caps -swaptions), or equivalently, cap , swn , is a decreasing function of correlation. 27 Note that, following the same argument, 1 2 cap + swn , is also negatively related to correlation, and hence, positively related to dif . These relationships are summarized in Table 6 .
Up to this point, we have focused only on how caps and swaptions are affected by changes in correlation. But from Heath, Jarrow, and Morton (1990), we know that forward rate dynamics are identified by the covariance structure, and hence, by both the correlation-and volatility-structures.
Consistent with intuition, we find both cap and swn to be increasing functions of volatility. It necessarily follows that must therefore also be an increasing function of volatility. Interestingly, we find that both caps and swaptions are affected quite similarly by changes in volatility, leading to dif = cap , swn being much less sensitive to changes in volatility.
To quantify these effects, we investigate the comparative statics of cap and swaption prices using the bond price dynamics as in equation (10) . In particular, we model T s = , 1 , e ,T,s , 27 Ledoit and Santa-Clara (1999) demonstrate that near-the-money cap prices are approximately linear in implied volatility. Further, our numerical investigations below show dif to provide an excellent proxy for correlation.
cs; T; U e , jT,Uj 1 + jT , Uj. 28 In Figure 4A we plot both cap and swaption implied volatilities as a function of , holding constant. Note that controls the correlation-structure in this model. In particular = 0 corresponds to perfect correlation. Similarly, in Figure 4B we plot both cap and swaption implied volatilities as a function of , holding constant. Note that controls the volatility-structure in this model. As is clear from these figures, cap-volatilities are much more sensitive to changes in correlation than are swaption-volatilies. However, cap-vols and swaption-vols have similar sensitivity to changes in volatility.
Related to this finding, we plot in Figure 5A dif as a function of using different implicit values of . Analogously, we plot in Figure 5B dif as a function of using different implicit values of . Both of these figures are reasonably linear, but with considerably different slopes. (Note that this is not obvious visually; the reader must look at the domain of values on the x-axis). Indeed, we find @ dif @ 1 when the correlation state variable changes, but only 0:1 when the volatility changes. 29 Recall that we found the empirical slope coefficient @ dif @ to be 0:37, which falls well between these two values. Further, we found that the relationship between the two is imperfect, suggesting that both stochastic-correlation and stochastic-volatility are needed in order to explain simultaneously the time-series of dif and .
Stochastic correlation in Generalized Affine Models
The theoretical and empirical results reported above strongly suggest that in order to simultaneously price caps and swaptions, a model of the term structure must accommodate both stochasticcorrelation and stochastic-volatility. Furthermore, such a model should incorporate risk-sources that are not spanned by the underlying swap market. In this section we propose a new class of models which possesses these features, while maintaining tractability. This class of models extends the standard affine class in that it includes both finite-factor/infinite state variable (i.e., HJMtype) models and infinite-factors/infinite state variable (i.e., 'string') models of the term structure.
Further, it can accommodate regime shifts in correlation.
We introduce the 'generalized-affine' class by first presenting a simple model that incorporates both stochastic-correlation and stochastic-volatility, neither of which can be hedged by bonds. We then demonstrate the tractability of this framework by deriving closed-form solutions for caps, 28 This correlation structure is generated by an 'integrated' Ornstein-Uhlenbeck process. It is necessary to use an integrated process if forward rate dynamics are to exist. See Goldstein (2000) . 29 Note that these are comparative static results. One can show that these results overestimate the sensitivities in both cases. For example, assume that the correlation can jump between two values, low and high . Then, as the instantaneous probability jump rate goes to zero, we recover the results reported in Figures 4A and 5A . However, as the jump rate goes to infinity, then the state that system begins in becomes irrelevant, and the slope between these two points would approach zero. Hence, for finite jump rates, the slope will be between zero and the comparative-static slopes obtained in 
A 'generalized affine' model with USV and stochastic correlation
Here we introduce a parsimonious 'generalized-affine' model which accommodates both stochastic correlation and stochastic volatility in such a way that bonds cannot hedge these risks. The risk-neutral bond price dynamics are assumed to follow dP T s P T s = r s ds , T 
We assume that the correlation structure cs; T; U is completely driven by a single state variable , and that this state-variable follows a continuous time two-state Markov chain 31 (e.g., Karlin and 30 This assumption can easily be relaxed to allow for correlation. 31 The extension to multiple states is straightforward. Note that this framework parsimoniously captures the relevant features described previously.
First, it has two separate state variables driving volatility and correlation, and , each of which are driven by independent shocks. Further, neither innovations in volatility, d! 2 , nor in correlation d can be hedged by trading in bonds. Note that this framework is reminiscent of the affine class in that the instantaneous variance of (log) bond prices is linear in the state variables, and that all state variables follow an affine jump-diffusion process. Yet this model is clearly outside the traditional affine class, since, for arbitrary specification of B T s and T s, there is in general no finitedimensional Markov representation of the term structure. Also unlike standard affine models, this model allows for regime shifts in correlation. 32 Yet, as we demonstrate below, this model is very tractable. Indeed, in this framework we obtain closed-from solutions for caps, and an efficient method for pricing swaptions, even for 32 In independent work, Dai and Singleton (2001) show how to incorporate regime shifts in standard time homogeneous, Markov affine models. See also Bansal and Zhou (2000) .
arbitrary specifications of the (deterministic) functions fB T s; T s; c H s; T; U; c L s; T; Ug.
Pricing zero-coupon bond options
As demonstrated in equation (15), the date-t price of a European bond-option with exercise date T and whose underlying bond matures at date U can be written Ct; T; U = P U t U t log K , K P T t T t log K : (28) It is convenient to introduce the Fourier- : (30) The implication of equation (30) is that if the characteristic functions of equation (29) 
Pricing swaptions
The date-t price of a swaption 35 with exercise date-T 0 and with payments C i on dates T i i = 34 The inverse Fourier transform technique is now widely used. Duffie, Pan and Singleton (2000) provide a comprehensive exposition and further references. 35 While the payoff of swaptions are, in general, defined in terms of swap rates, it is well-known that swaption can be seen as an option on a coupon bond. (e.g., Musiela and Rutkowski (1997)) We use the term swaption and option on a coupon bond interchangeably.
where we have defined CB to be the date-T 0 price of the coupon bond:
In going from the second to the third line, we have transformed from the risk-neutral measure to the N + 1 relevant forward measures.
Equation (31) implies that the swaption can be priced if we can determine the probability density W t CB for each of the N + 1 relevant forward measures. 36 In the standard (i.e., time-homogeneous, Markov) affine setting, Collin-Dufresne and Goldstein (2001) show that the probability density can be accurately estimated because all moments of the future coupon bond price: E T i t CBT 0 m can be computed in closed-form. Using these moments, the cumulants of the distribution are uniquely identified. The probability distribution of the coupon bond under each forward measure can then be estimated by performing an Edgeworth-expansion. The Edgeworth expansion is particularly advantageous as it permits swaption prices to be written as sums of terms, each of which involves at worst the cumulative normal function. 37 Hence, no numerical integrations are ever performed.
The same approach can be used for our model if we can evaluate the moments of the distribu- (31), it follows that N + 1 forward measures are of interest: i = 0 corresponding to the exercise date T 0 , and i = 1 ; : : : ; N corresponding to the payment dates of the coupon-bond. 37 The Edgeworth expansion has been used previously in the finance literature as an approximation scheme for pricing stock, Asian and basket options (e.g., Jarrow and Rudd (1982), Turnbull and Wakeman (1991) ). Unfortunately, the pricing accuracy of the Edgeworth expansion is rather limited for these cases (Ju (2001) ) because the Edgeworth expansion is basically an expansion about the normal distribution, while the underlying distributions for these three cases are not well-approximated by normal distributions, but rather log-normal distributions. In contrast, the relatively low volatility associated with interest rates ( 0:01) compared to stocks ( 0:3) generates probability distributions for coupon bonds that are close-enough to normally distributed that the Edgeworth expansion provides an excellent approximation scheme for pricing swaptions (Collin-Dufresne and Goldstein (2001)).
Thus, we find that the pricing of swaptions can be readily performed if we can determine expectations of the form:
Closed-form characteristic function for bond option pricing
Equations (30) and (35) above show that the tractability of the model depends crucially on our ability to compute the characteristic function of the sum of log-bond prices under any forward measure, defined for s T 0 T 1 T m by :
Cap and floor prices can be computed using m = 1 , while swaption prices can be computed using = 1 ; m 
From the independence assumption, both the correlation dynamics and volatility dynamics are the same under the risk neutral measure and all forward measures. Thus, we claim: 
where fi; jg = fH; Lg and fL; Hg respectively.
Proof:
Given P T T = 1 and the final conditions fM i s = T 0 = Ns = T 0 = 0g, it is sufficient to show that if Ns and M i s satisfy equations (39) and (40) 
To 
where, by definition, G s , G s , G s ,
. 39 Using this and our candidate solution for G in equation (43), and then collecting terms both linear in and independent of , we find that if 38 This shows that G s is a local martingale. To prove it is a 'true' martingale, we need also put some additional regularity conditions on the diffusion coefficient of G s (which involves the solution to the ODE above). For the following, we implicitly assume they are satisfied. 39 Note that, with the candidate solution for GQ s ; s ; s given in equation (38) 
the coupled ODEs given in equations (39) and (40) 
where is given in equation (68). Hence, it follows that: Note that by setting = 1 in the above proposition, we can compute all of the moments of coupon bond prices, as shown in (35) above. Furthermore, by setting m = 1 and defining G W t = G W t ; 1, the characteristic function (with T 0 = T and T 1 = U) is obtained, and can be used to compute cap prices, as noted in equation (30) above.
If we define log-bond prices (or equivalently, the continuum of forward rates) and to be the state variables of the system, then the characteristic function is exponentially-affine in the state variables. This solution is reminiscent of those found in affine models of the term structure (Duffie and Kan (1996) ). In this sense, we have proposed a model that belongs to a 'generalized affine' class of models. Indeed, even the solutions to the time-dependent coefficients M i and N are reminiscent of the affine framework, except here, due to the correlation state variable modeled as a jump process, the coupled ODE's are no longer Ricatti equations.
In the next section we show that this proposed model belongs to a larger 'generalized affine' class of models. As we show, this class of models relaxes three underlying assumptions of Duffie and Kan (1996) , namely: 1) time-homogeneity, 2) finite number of state variables, 3) finite number of factors (i.e., number of Brownian motions).
'Generalized' affine models: discussion
The affine class of models (Duffie and Kan (1996) ) has become the dominant framework for pricing fixed-income securities. A standard affine model is defined by N state variables fx i g that are jointly-Markov, and driven by N (or fewer) factors (Brownian motions). The drift and covariance matrix of the state vector process are affine in the fx i g. Finally, the spot rate r is modeled as an affine function of the state variables.
The affine class has many appealing features. First, bond prices take on a simple exponentialaffine form. Second, closed-form solutions exist for zero-coupon bond options, and thus caps. However, the traditional (time-homogeneous, Markov) affine class has some limitations. In particular, Heath, Jarrow and Morton (HJM 1992) demonstrate that in general the spot rate does not possess a finite state variable representation, which is a required feature of the affine class.
Indeed, HJM show that a more general class of models takes as fundamental the continuum of forward rates ff T sg, which then serve as the state variables of the model. In the original HJM framework, only a finite number of sources of risk drive forward rate dynamics. Recently, this assumption has been relaxed as well by Kennedy (1994 Kennedy ( , 1997 , Goldstein (2000) , and Santa-Clara and Sornette (2001), who propose that a continuum of sources of risk drive the (continuum of) forward rates. These 'random field' models have the advantage of circumventing the self-inconsistent practice of 'recalibrating' the term structure. Also, the random field framework naturally disentangles the volatility and correlation structure, which is advantageous for the issues at hand.
A drawback of these generalizations is that these models typically lack the tractability of the traditional affine class. However, the model proposed in the previous section maintains the advantages of both classes of models. First, it can be calibrated to fit the initial term structure.
Second, since the forward rates are driven by a continuum of Brownian motions, the model is consistent with all future shapes of the term structure. Third, it accommodates stochastic shifts in correlation and volatility that are not hedgeable by positions in bonds. Finally, it provides tractable solutions to fixed income derivative prices, even though the short rate process is possibly non-Markovian.
The idea behind generalized-affine models is that, in order to price bond options, all that is needed is an expression for the characteristic function of log-bond prices, as given in equation (36) .
We thus define the "generalized affine class" as that class of models which give rise to an exponential affine solution to that characteristic function. It clearly comprises the traditional affine class as a strict subset. Indeed, for the particular example given in the previous section, even though the short rate is not Markov, the system flog P U t P T t ; t ; t g is jointly Markov, and, in fact, 'affine' in the sense that, conditional on the state ( t ), the drift and variance covariance matrix of log P U t P T t and t are linear in the affine state variables. This example is easily generalized to include, (i) an arbitrary number of correlation regimes = f 1 ; : : : ; n g, (ii) a vector of volatility state variables = f 1 ; : : : ; n g, and (iii) a vector of Brownian fields Z T = fZ T 1 ; : : : ; Z T n g. 40 In fact, we conjecture that for any model with regime shifts in parameters, if conditional on the current state, i)
any collection of log-bond prices (or forward rates), and ii) all relevant state variables i , possess joint-affine dynamics, then such a model will give rise to a solution to the characteristic function of the form in equation (36) , and thus belongs to the 'generalized' affine class. 41 40 In appendix C we provide such a generalization. 41 A delicate issue involved in formally defining the generalized affine class involves guaranteeing that the model tive pricing of caps and swaptions using different term structure models. We view this evidence as suggestive that the models so far investigated are mis-specified. All models previously investigated share the common feature that the correlation structure is either constant, or driven by the same factors that drive both forward rates and the volatility structure. Since caps are essentially portfolios-of-options on zero-coupon bonds and swaptions are options-on-portfolios of zerocoupon bonds, it seems that systematic variation in the relative pricing of caps versus swaptions should, in principle, be attributed to stochastic changes in correlation.
Empirically, we observe a strong positive relationship between i) the difference in cap-impliedvols and swaption-implied-vols, dif cap , swn , and ii) the average level of volatility, 1 2 cap + swn . Equivalently, we find cap-implied-volatilities to be much more variable than swaption-implied-volatilities. This finding is in contradiction to the relation that would be predicted using standard equity models for the difference between a portfolio-of-options and an option-on-a-portfolio. Using a simple string model of the term structure, we show via comparative statics that this empirical fact is strongly suggestive of both time-varying correlation and timevarying volatilities.
We propose a new class of models, the 'generalized-affine class,' which captures these features, namely: (i) neither caps nor swaptions are spanned by the bond (i.e., swap) market and (ii) the correlation and volatility structure evolve stochastically through time. We investigate one particular case where the correlation structure of zero-coupon bond prices experiences regime shifts that have no impact on their conditional volatility structure. Thus, changes in correlation will (instantaneously) generate volatility-changes in coupon-bonds, but not in discount bonds themselves. Even so, we show the counter-intuitive result that, due to a 'numeraire effect', cap prices (i.e., zero-coupon bond options) are typically more sensitive to correlation changes than are swaption prices (i.e., coupon-bond option prices). This finding could explain why we observe in the data cap-implied-vols to be so much more variable than swaption-implied-vols. Equivalently, this explains why there is a strong positive relationship between the time series of i) the differences in cap-implied-vols and swaption-implied-vols, and ii) the level of implied vols.
The 'generalized-affine' class extends the finite state variable frameworks of Duffie and Kan (1996) and Duffie, Pan and Singleton (DPS 2000) to include both HJM (infinite state-variable, finite factor) and random field (infinite factor) models. Like the standard affine class, a big advantage of this 'generalized' class is its analytical tractability. We show how to obtain closed-from is well-defined in the sense that there exists a solution to the system of SDE's. This is analogous to the issue of admissibility for standard affine processes, e.g., Duffie and Kan (1996) .
solutions for cap prices, and efficient pricing techniques for swaptions.
A Forward Measure Dynamics
Assume bond price dynamics are as in equation (23) 
Further, assume there is a money-market account with dynamics:
dBs Bs = rs ds :
(Note that the dynamics of the spot rate r is uniquely identified by 1) the current term structure and 2) equation (54).)
Consider an arbitrary portfolio composed of shares of the money market account andshares of the bond that matures at date-U . Then, the current value of the portfolio is:
V s = B s + P U s :
Further, changes in the portfolio value follow:
dV s = d B s + d P U s : 
Plugging this into equation (61) gives + + 2 e ,2 = 0 :
Now define via e , 2 . We find that then satisfies: 
where C 1 and C 2 are arbitrary constants that are determined via boundary conditions. Note, 
Now, divide both numerator and denominator by C 2 and define C 1 C 2
. The value of is obtained by the initial condition N0 = 0 2.
C Generalized Affine Random Field Framework
Assume that for some arbitrarily large T the risk-neutral dynamics for the forward rates and for all dates fs; Tg that satisfy 0 s T T. Here, the correlation structure of the n- 
where all parameters f j ; ! j ; j g j = 0 ; : : : 3 are assumed to be at most deterministic functions of time. To preclude arbitrage, the forward rate drift is uniquely specified by the volatility and correlation structure.
We have also introduced m Brownian motions fdZ Q i sg m i=1 , which are both mutuallyindependent, and independent of the n Brownian fields dz Q j;T . We note that correlation structures are preserved under changes-of-measure. The functions a i s; v and b i s; v i = 1; : : : n are general deterministic functions. 42 Goldstein (2000) demonstrates that the transformation from the risk-neutral measure to the 42 Note that for the stochastic differential equations to admit unique strong solutions, the drift and diffusion have to satisfy certain regularity conditions, essentially Lipschitz and growth conditions. See Duffie (1996) Appendix E, and Da Prato and Zabczyk (1992) Chapter 7 for the infinite dimensional case. Duffie and Kan (1996) note that the square root diffusion is not Lipschitz at zero, and show how standard results can be adapted to deal with this case when restricting the parameter space appropriately. Here we assume that all equations have well-behaved unique strong solutions defined on a standard filtered probability space (see Duffie (1996) appendix C and D).
